Abstract: A continuum mechanical model based on the Helfrich Hamiltonian is devised to investigate the coupling between lipid composition and membrane curvature. Each monolayer in the bilayer is modeled as a freely deformable surface with a director field for lipid orientation. A scalar field for the mole fraction of two lipid types accounts for local changes in composition. It allows lipids to access monolayer regions favorable to their intrinsic curvature at the expense of increasing entropic free energy. Hemifusion is one of the key fusion intermediates with regions of both positive and negative membrane curvature and where proteins must supply energy in order to bring about large elastic distortions. Using a numerical gradient descent scheme, minimal energy axisymmetric shapes of hemifusion diaphragms are calculated for varying radii. Previous studies assumed a fixed, weighted average for spontaneous curvature. Allowing for local changes in spontaneous curvature yields energies and forces of expansion significantly lower than those obtained from a fixed composition.
Introduction
The ability of eukaryotic cells to form highly curved membranes is an integral part of intracellular traffic necessary for life [29] . Specialized spherically shaped vesicles or cylindrical tubules are highly curved circular geometries that facilitate catalysis of biochemical reactions and protein transport [45] . More complicated morphologies and changes in membrane topology are encountered in processes like fusion, where the merger of two distinct bilayers enables the transport of previously impermeant molecules between cellular compartments [6, 8] . Aside from the complexity of intracellular activity and the enormous number of time dependent variables involved, a major modeling challenge in membrane biophysics is developing numerical approaches capable of tracking long-range deformations and topological changes over a resolution ranging from a few nanometers to a few microns.
Biological membranes are constantly in motion and behave as an elastic two-dimensional fluid. In order to move and deform a bilayer, the cell must supply enough energy to overcome viscous dissipation [3, 17] , and more consequentially overcome conservative energy barriers associated with elastic deformation, long range repulsion and attraction, and hydrophobic effects [23] . The elastic properties of bilayer are a physical consequence of the orientational order of the lipids of the membrane. Its deformations and energies are well described by those used to characterize smectic phases in liquid crystal theories [5, 10] . Because lipids are amphiphilic molecules that pack side by side in a monolayer, monolayers assume a spontaneous curvature determined by the area ratio of polar head group to acyl chain [48] . But a living cell can actively medi-ate spontaneous curvature by altering lipid composition in order to introduce asymmetry [26, 30] , inserting hydrophobic proteins into the bilayer [4] , or by forming protein scaffolds [24] , thus achieving the objective morphology.
In this paper, we are interested in the thermodynamics that drive local changes in lipid composition. A shape optimizes its morphology to match a given spontaneous curvature and several numerical methods have been developed to study this problem [1, 9, [11] [12] [13] [14] . But realistically, bilayers are fluid and this fluidity allows lipids to migrate into regions preferential to their molecular shape. For example, in a cylindrically shaped tubule closed at one end, some of the lipids with the largest value of spontaneous curvature should, in principle, migrate out of the bulk cylindrical phase in order to occupy the spherical cap. In other words, mathematically specifying spontaneous curvature makes physical sense only when a single lipid type is involved. In a mixture of several different lipids types, assuming a spontaneous curvature removes a potentially consequential degree of freedom from the system.
In recent work [40] , a numerical approach based on the string method was developed to calculate least energy paths in the steps of fusion. Molecularly, fusion is the merger of two lipid bilayer membranes into one. This merger occurs through a series of intermediate changes in bilayer morphology-the formation of a stalk, a hemifusion diaphragm, and a pore [6, 7, 23, 25, 41] . But each of these transitions pass through an energetic barrier. It is thus of biological interest to determine the amount of energy that proteins must inject into the bilayer in order pass from one intermediate to the next. A crucial finding of the paper [40] was that at least two lipid types are required for spontaneous hemifusion diaphragm (HD) expansion. This was determined by manually assigning values of spontaneous curvature to each leaflet so as to energetically facilitate the expansion process. In the present work, we revisit the problem HD expansion. But rather than manually (and somewhat arbitrarily) assigning spontaneous curvatures, we introduce lipid mole fraction as a free variable. This allows the minimization procedure to find the optimal lipid composition, best replicating lipid migrations that likely occur in the physical process. The changes in energy of the present model-over one where spontaneous curvatures are prescribed-are significant, suggesting that lipid redistribution is crucial to theoretical explanations of why HD expansion and other related deformations are physically realizable.
The paper is organized as follows. In Section 2 we introduce in a general context the Helfrich theory for bilayers with a director field. There we define the weighted average of the spontaneous curvature of the constituent lipids and formulate the entropic penalty for lipid demixing. In Section 3 we discuss the geometry of hemifusion and define an appropriate reference energy. We present a finite difference discretization and stable gradient descent scheme used to perform energy minimizations. This numerical method is applied to the problem of hemifusion expansion in Section 4. There we compare the physical implications of constraining spontaneous curvature against an approach that treats spontaneous curvature as a self consistent field variable. Although the present work deals with hemifusion, the approach is practical and sufficiently general to calculate realistic energies for other bilayer morphologies.
Elastic Energy Functional and Continuum Formulation
We calculate the energy of a bilayer using the Helfrich Hamiltonian [16] 
In this theory, Σ is a union of monolayer neutral surfaces. The director field d : Σ → S 2 models average lipid orientation pointing from the lipid head to lipid tail, as illustrated in Figure 1 . The first two terms of E involve the symmetric quadratic polynomials in the entries of the gradient matrix
· t j where t 1 and t 2 are orthogonormal tangent vectors. The term div d = tr(∇d) is called splay and det(∇d) is called saddle splay. Each has its associated curvature modulus K C = 10 kT and Gaussian curvature modulus K G = −8 kT respectively [27, 32, 33, 43, 44] . The scalar k 0 is the spontaneous curvature. In the axisymmetric setting, ∇d is diagonal and
where s is the arc length parameter, t the unit tangent of a curve in the azimuthal cross section of Σ, and d = drir + dziz and d ϕ = 0 in the cylindrical basis. In addition to the lipid director, the surface also has its unit normal n : Σ → S 2 pointing away from the bilayer core. The tilt deformation d × n (also called twist) penalizes the director field when it is not parallel to the surface normal. It is equivalent to define |d × n| 2 = sin 2 θ where θ is the angle between d and n. We use K θ = 10 kT nm −2 for the tilt modulus [15, 18] .
The fourth term in E is the stretching energy with area modulus K A = 30 kT nm −2 , area per lipid a (measured in the cross section perpendicular to d) and area per lipid a 0 at rest (roughly 0.6 nm −2 ). Lipid is volumetrically incompressible and so increasing area a decreases the overall length l of a lipid from its resting value l 0 = 1.5 nm [32] . The incompressibility condition la = l 0 a 0 implies that
The tilt and stretching deformations are independent in that changes in the angle θ do not alter the crosssectional area. If area per lipid is defined to be the projected area a/| cos θ|, then the definition of tilt must be replaced by tan 2 θ [15] . In this alternate definition of tilt, the length l increases with changes in the angle θ, but monolayer thickness µ = l| cos θ| remains constant. Recent all-atom simulations suggest, however, that lipid length remains constant with changes in angle, consistent with the formulation used in (1) [21] . With the exception of the Y-junctions ( Figure 1 ), a bilayer generally has two abutting monolayer surfaces. In order to define l mathematically, we assume that apposing acyl chains terminate along a common mid plane surface (the dashed curves in Figure 1 ) [42] .
The function W models long-range repulsion/attraction that exist between monolayer surfaces. It is a function of the angle between interacting monolayer surfaces, water layer thickness h and equilibrium bilayer separation h 0 [2, 36, 37] . We refer the reader to [40] for the definition of W .
In this paper we consider the combined effect of minimizing splay energy density at the expense of entropic penalty. Suppose that the monolayer is a mixture of two lipid types, lipid 1 and lipid 2, with possibly different spontaneous curvatures k 0,1 and k 0,2 determined by their area ratio of polar head group to acyl chain. Let ϕ : Σ → [0, 1] and (1 − ϕ) be the local mole fraction of lipid 1 and 2 respectively. If the value of ϕ(x) varies from the average mole fraction ϕ 0 , then k 0 is no longer constant but is determined by relative
The system further minimizes energy by adjusting lipid composition so as to make the integrand (div d + k 0 ) 2 as small as possible. But local adjustment to composition is entropically disfavored with a free energy penalty [20, 28] 
In many lipid systems the elastic moduli are insensitive to the compositional fluctuation [35] . We therefore assume that K C , K G , K θ and K A are independent of ϕ. It is possible to generalize (4) and (5) to include a dependence on the relative concentration of three of more lipid species. Using the entropic energy formulation (5) and a phasefield description of the Canham-Helfrich Hamiltonian, Mikucki and Zhou have derived drift equations for the localization of multiple lipid and protein species on a membrane surface [31] . In the present paper, the time course for energy minimization is based on gradient descent and ignores the effects of surface diffusion.
Numerical Discretization
In fusion, there is a single hourglass shaped proximal monolayer (Σ P ) formed from the fused extracellular leaflets. The two distal monolayers (Σ D ), the intact cytoplasmic leaflets, have not yet fused. Mathematically,
The subscripts P and D to denote material properties of the two monolayers respectively. The hemifusion diaphragm (HD) is the bilayer where the two distal monolayers come into contact. We will assume that monolayers and directors are axially and reflectionally symmetric. In order to better understand the energetics of hemifusion, we first define an appropriate reference energy [19, 41] 
Here A 0 is a fixed reference area of two planar monolayers at equilibrium separation h 0 . The number −4πK G gives the expected saddle splay energy for merging the proximal leaflets into a single hourglass shaped monolayer. Suppose that area(Σ P ) = area(Σ D ) = A 0 . Then E 0 is independent of (Σ, d, l, ϕ) because the reference areas are fixed andk 0 uses the average mole fraction ϕ 0 (see (4)). The energy of a bilayer relative to the energy of planar bilayers with the same area is then
We designate the relative splay energy density by
It is useful to place Σ in some fixed computational domain so as to avoid keeping track of individual leaflet areas. To accomplish this, we note that under the conditions of minimality, the deformations of Σ are localized to within tens of nanometers of the z-axis. Outside this region, the bilayer behaves as a two dimensional elastic sheet where
for a rate m depending on the elastic moduli [40, 41] . The integrand of ∆E vanishes exponentially in the far field. We can therefore extend the definition of Σ to the edge of the computational domain r ∈ [0, R C ] without altering the values of ∆E. The boundary conditions are where R C = 100 nm is large compared to the length scale of elastic deformation. We give a brief remark concerning the null Lagrangian property for the saddle splay energy. If tilt is zero and d and n are parallel everywhere, then det(∇d) agrees with the Gaussian curvature K of the surface. As a consequence of the Gauss-Bonnett Theorem [46] , the saddle splay energy depends only on the prevailing boundary conditions. To illustrate the possibilities when d and n are not necessarily parallel, consider the axisymmetric saddle splay differential det(∇d)dS = −2π cos(θ)∂s cos(θ − α)ds, where α = α(s) is the angle formed by the tangent t with respect to the radial basis vector ir . Because the angular function θ is arbitrary, it is possible for the saddle splay energy to depend on the interior director field. But in practice, the tilt deformations of minimal energy shapes are usually sufficiently small so as to justify the approximation of saddle splay energy by topological considerations [40] .
To numerically evaluate the energies of HD expansion, each monolayer was divided into quadrilateral elements
give a piecewise linear parametrization of the neutral surface and (r i , z i ), (r i+1 , z i+1 ) parametrize the mid plane surface. The energetic contribution from each element was computed by finite difference formulas;
where Matching conditions ensure that the mid plane faces of abutting quadrilaterals aligned, and that the lipid faces of quadrilaterals in the Y-junction align properly. This scheme computes overall energy with first order accuracy in the number of faces N; element wise energy with second order accuracy [41] . The collection of grid points {(R i , Z i ), (r i , z i )} and element-wise mole fractions ϕ i were placed in the vectors X ∈ R 4(N+3) and Φ ∈ R N respectively, and energy was minimized by a semi-implicit backward Euler scheme with adaptive time stepping;
This system was solved using Newton's method and SSOR preconditioned conjugate gradients. In practice, an auxiliary variable µ i ∈ R defined the value ϕ i = 
Results
In continuum mechanical descriptions of hemifusion, it is assumed that the distal monolayers of a stalk abut to form an HD. Subsequent expansion of the diaphragm leads to full fusion, either through the formation of a pore in the diaphragm or the formation of a pore along the HD rim [39] . The dependence of energy on HD radius is biologically relevant because it allows one to determine under what conditions the energy supplied by fusion proteins is sufficient for expansion to take place [34, 38] . We therefore use the gradient descent iteration (11) to calculate the energetics of HD expansion. The novelty of the present study is that lipid composition is a self consistent field variable. Since the pointwise values of splay and composition are explicitly calculated, the numerical data gives key insight into how lipid redistribution makes HD expansion physically realizable.
The curves in Figure 2 illustrates the general picture of pointwise values of splay for hemifusion. The curves in Figure 2A were calculated from the stalk-like bilayer shown in Figure 1A where r HD = 1.5 nm. The most apparent feature is that splay in the distal monolayer ('+') is large and positive near the axis of symmetry, and decays to a slightly negative value far from the axis. This is consistent with Figure 1A , where we see that the dimpled part of the distal monolayer is negatively curved, and then positively curved outside the HD. In Figure 2B , the curves are calculated for a wider HD ( Figure 1B , r HD = 5 nm). Its distal splay is small close to the axis of symmetry (where the HD is essentially planar) and positive near the Y-junction. In either case, proximal splay is positive and decreases away from the neck region.
These changes in the sign and magnitude of splay over a relatively short length scale suggest that in order to decrease energy, lipids with k 0 < 0 should preferentially occupy the HD where div d > 0 whereas lipids with k 0 > 0 will occupy Σ D \ Σ HD where div d < 0. In a similar way, a larger fraction of lipids with negative k 0 will occupy the neck region of Σ P than the in regions of Σ P far from the z-axis. There are two physical limitations that prevent spontaneous curvature from entirely offsetting the splay deformation. The first limitation is the entropic penalty F which disfavors inhomogeneity in lipid compositions. The second is that k 0 is bounded by the minimum and maximum of the two spontaneous curvatures k 0,1 k 0,2 characterizing the mixture. This latter limitation is illustrated in Figure 2A In order to illustrate lipid redistribution as a physical process, we consider a 9:11 mixture composed of DOPC (lipid 1) and DOPS (lipid 2). Then the value ϕ 0 = 0.45 givesk 0 = −0.11 nm −1 . This mixture was chosen because their oppositely signed spontaneous curvatures can accommodate the change in sign of curvature in the distal monolayer, and becausek 0 = −0.11 nm −1 is not so negative as to make expansion of the negatively curved proximal leaflet dominate the whole process. We consider two scenarios. In the first scenario, mole fraction is fixed so that ϕ = ϕ 0 and k 0 =k 0 everywhere in the bilayer. This represents the case where an essentially infinite entropic penalty completely suppresses lipid redistribution. In the alternate scenario, ϕ is allowed to vary between 0 and 1. Comparing the two cases allows us to assess the net effect in reduction of splay energy at the expense of increasing entropic free energy. In Figure 3 Figure 3B , '+'). Away from the HD, distal splay is negative, and as a consequence ϕ is less than ϕ 0 = 0.45 and −k 0 is less than −k 0 far from the z-axis. The density plots in Figure 4 illustrate graphically how lipids redistribute to match splay. Figures 3C and D compare splay energy density ε for the two scenarios. When ϕ is fixed to the value ϕ 0 , distal ε is large in the places where there is a mismatchk 0 between the very negative curvature of the Y-junction and the somewhat positive distal curvature outside the HD ( Figure 3C , '+'). In contrast, when ϕ is allowed to vary, distal ε is significantly decreased and proximal ε is negative. Even though pointwise changes in splay energy density are relatively small in magnitude, their accumulated effect can be quite large when accounting for surface area. In terms of the overall energy ∆E, if lipid redistribution is suppressed by constraining mole fraction to its average value, then HD expansion is energy-intensive at all radii ( Figure 5A , solid curve). Beyond 2 nm, it requires about 10 kT nm −1 to achieve expansion and requires about 40 kT nm −1 to overcome the initial expansion barrier. When lipid redistribution is permitted and ϕ is allowed to vary, a similar force is required to overcome the initial expansion barrier. But once this barrier is surpassed, much less force is required for further HD expansion ( Figure 5A , dashed curve). Expansion becomes spontaneous with only a slightly larger average mole fraction ϕ 0 .
Conclusion
We have modified the Helfrich Hamiltonian by introducing a mole fraction variable to account for local changes that would occur when lipids migrate to regions with curvature favorable to their molecular shape. We used this modified theory and a finite difference energy minimization to calculate the energetics of hemifusion diaphragm expansion. The changes in energy derived from the modified theory over previous models where spontaneous curvatures are prescribed are significant. This suggests that previous applications of the classical Helfrich and Canham-Helfrich membrane continuum mechanics models should be reevaluated in terms of energetic conclusions, since maintaining a uniform spontaneous curvature requires the injection of a large and unspecified amount of energy.
